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A numerical model of sediment-laden turbulent
flow in an open channel

Joon-Yong Yoon and Seung-Kyu Kang

Abstract: A numerical analysis of sediment-laden flow is carried out. Velocity and suspended sediment concentration
profiles are compared with the experiments in open channel flow. The k—® turbulence model is selected for the fully
turbulent flow field because this model has shown good results for wall-bounded flows and for flows on rough sur-
faces. The concentration equation that takes into account the settling velocity is adopted for the concentration field. A
new eddy viscosity model is proposed in the turbulence modeled equations to couple the velocity field and the concen-
tration field. The bed load thickness and surface roughness are considered in this study, and reasonable predictions are
achieved.
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Résumé : Une analyse numérique d’un écoulement chargé de sédiments a été effectuée. Les profils de vitesse et de
concentration de sédiments en suspension sont comparés aux essais d’écoulement dans un canal a surface libre. Le mo-
dele de turbulence k-m est choisi pour le champ de pleine turbulence parce que ce modele a démontré de bons résultats
pour les écoulements limités par des murs et pour les écoulements sur des surfaces rugueuses. L'équation de concentra-
tion qui tient compte de la vitesse de sédimentation a été retenue pour le champ de la concentration. Un nouveau mo-
dele de viscosité tourbillonnaire est proposé dans les équations de modélisation de la turbulence afin de jumeler les
champs de la vitesse et de la concentration. Dans cette étude, on tient compte de 1I’épaisseur de la charge de fond et de
la rugosité de la surface; on atteint des prédictions raisonnables.

Mots clés : simulation numérique, transport de sédiments en suspension, écoulement dans un canal a surface libre, mo-

dele de turbulence k-.

[Traduit par la Rédaction]

1. Introduction

The research on sediment-laden flow is of great interest to
river and environmental engineers and earth scientists. We
must deal with a two-phase flow of mixed liquid and solid to
analyze the transport of suspended sediment in rivers, the
transport of grain through a channel, the filtering of sus-
pended particles in industrial water, and sea contamination
by particulate sediment. Hence, many researchers have stud-
ied sediment-laden flow for several decades.

Rouse (1937), who was one of the earliest researchers of
sediment flow, offered an analytical solution of concentra-
tion profile in fully developed two-dimensional open chan-
nel flow. This concentration profile under ideal conditions
has played an important role as a basic reference for many
researchers (Woo et al. 1988; Cellino and Graf 1999;
Greimann and Holly 2001). Einstein and Chien (1955) pro-
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posed a drag law based on the mixing length theory between
fluid and sediment. Bechteler and Schrimpf (1984) compared
velocity profiles and the turbulence diffusion coefficients of
several cases. van Rijn (1984) derived a concentration equa-
tion in a steady state and suggested a function that takes into
account sediment settling velocity and the sediment diffu-
sion coefficient, which directly controls hydraulic parame-
ters for the suspended load. Celik and Rodi (1988, 1991)
used a two-dimensional form of the sediment-transport
equation and applied the so-called entrainment model to
give the flux boundary condition for the concentration equa-
tion at some reference level near the bed. They solved the
Reynolds-averaged Navier—Stokes equations along with the
k—e turbulence model and concentration equation. Umeyama
and Gerritsen (1992) applied a modified mixing length the-
ory to estimate velocity profile in sediment-laden flow. Re-
cently, Kovacs (1998) considered the roughness effect on
the bed and divided a flow field into two layers. In the thin
inner flow region, near the bed, a new logarithmic velocity
profile that considers a rough wall velocity distribution was
derived to replace its clear-water counterpart, which is the
logarithmic law of the wall. Here, the concentration was ap-
proximated with a power law function. On the other hand,
the governing differential equations were solved without any
approximations in the outer flow region.

The fluid that is transporting suspended particles is as-
sumed to be decreased in velocity by the fluid—particle inter-
actions (Sundaresan et al. 2003). However, previous
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numerical researchers (Bechteler and Schrimpf 1984; Celik
and Rodi 1988, 1991; Umeyama and Gerristen 1992;
Kovacs 1998) took no account of any fluid—particle interac-
tion. They usually used the wall function approach to predict
profiles of mean velocities and turbulence quantities even
though this approach assumes application of turbulent flow
over smooth wall without pressure gradient in the flow di-
rection (Wilcox 1988). Therefore, it has many defects when
all the surface is rough or the pressure gradient is severe,
such as flows over complex terrain.

This study proposes a numerical model for the analysis of
sediment-laden flow in an open channel. This research
adopts the two-equation turbulence model to estimate the ve-
locity field. The selection of a turbulence model is very im-
portant because the turbulence model affects the velocity
field. We applied the k- turbulence model, which was sug-
gested by Wilcox (1988) and has been used by many re-
searchers, especially on the wall-bounded flows. It offers
advantages in considering sand-grain roughness on the wall
boundary. Since it does not use wall function approach,
more grids near the wall are required than the standard k—¢
model. However, results show much better velocity profiles
than the standard k—& model or various low-Reynolds k—¢
models (Patel and Yoon 1995), and general convection-
diffusion equation for the sediment concentration, in which
the settling velocity of the particle is considered, is applied.
Unlike previous researchers who did not consider the fluid-
particle interactions, so-called a drag law, we applied Ein-
stein and Chien’s (1955) idea in the turbulence modeled
equations to consider this effect. The numerical results were
compared with Coleman’s (1981, 1986) experimental data.
Comparing with other numerical studies that tried to repro-
duce Coleman’s concentration profile, we added the idea of
the bed load thickness that may exist in the experiment.

2. Governing equations

2.1. Reynolds-averaged Navier—-Stokes equations

The flow and sediment transport models employed here
are a steady state, incompressible, and turbulent flow. The
Reynolds-averaged equations of continuity and momentum,
in non-dimensional form, can be written in Cartesian tensor
notation as follows:
Continuity equation

o Yoo =12
ox;
Momentum equation
aU; Iy,
2
(2] o +pU, 8
oP — :
—+—23 Ju’), =1,2
ax, ax (2uS; —puj uy’) U )

J

The vectors U; and x; are mean velocity and position, u/ is
the fluctuating velocity in the x (i = 1) and y (i = 2) direc-
tions, P is the static pressure, 7 is the time, p is the density of
fluid, 1 is the molecular viscosity, and Sij is the strain-rate
tensor defined by
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oU,  9U;
5] Si = [ax ax{ ]

where —pu/u;” is the Reynolds stress tensor. Reynolds
stresses are related to the mean rates of strain through eddy
viscosity, V;, by Boussinesq approximation

[4] —Mi’u.’ =Vt(a[]i a(]]]_zks

where k =u;u; /2 is turbulent kinetic energy and &, is
Kronecker delta.

2.2. Turbulence modeled equations

The velocity field affects the concentration field; there-
fore, the velocity profile should be calculated very carefully
to get the best concentration profile. Previous research often
used a log-law profile or a power-law velocity profile to de-
rive the velocity field. Recently, the mixing length theory,
which is a zero-equation model, or the k—€ turbulence
model, which is a two-equation model, has been applied to
simulate turbulent velocity profile (Bechteler and Schrimpf
1984; Celik and Rodi 1988, 1991; Umeyama and Gerristen
1992; Kovacs 1998). In this study, we have chosen the two-
equation k—m turbulence model to get the better velocity pro-
file. This model is believed to be proper for sediment-laden
flow because it can consider the effects of surface roughness
associated with bed load. According to Wilcox (1988), o is
the ratio of turbulence dissipation rate € to the turbulent ki-
netic energy k and may be regarded as a characteristic time
scale of the turbulence. The k—® model equations are

K ok U,
51 %hy 9% o
Y o Ui =i g

J J

80)+U Jo _o_ JU; "

6 —_— S —— = — T
A T

9 (v+ov, 90
ox; ox;

J

where 7;; is the specific Reynolds stress tensor and v is the
klnematlc viscosity. The eddy viscosity (v;) is given by

71 ve=yX r=10
()]

The values of the closure coefficients are ¢ = 3/40, ¢* = 0.09,

o =5/9, and 6 = o* = 0.5 (Wilcox 1988). To include the ef-

fect of sand-grain roughness (kg), two different boundary val-
ues of  are used, depending on the value of k' (k§ = u, kg/V).
Here, u, is the shear velocity. A rough-wall boundary condi-
tion for ® is employed as suggested by Wilcox (1988) and
proved by Patel and Yoon (1995).
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Table 1. Flow conditions for calculation (Coleman 1981, 1986).
Run Dy, 0, 0 h ) U Gy Dy, Re Wy
No. (mm) (kg) (m?¥/s) (mm) (mm) (m/s) (x1073) s (m) (x10%) (cm/s)
01 — 0 0.064 172 132 1.045 — — 0.688 7.35 —
02 0.105 0.91 0.064 171 120 1.051 1.39 2.65 0.684 7.93 1.0
09 — 7.27 0.064 172 136 1.045 15.5 2.65 0.688 7.88 1.0
22 0.210 0.91 0.064 170 122 1.058 2.13 2.65 0.680 7.80 2.49
29 — 7.27 0.064 168 130 1.070 57.0 2.65 0.672 7.70 2.49
33 0.420 0.91 0.064 174 128 1.033 0.695 2.65 0.696 7.55 5.70
40 — 7.27 0.064 171 125 1.050 100 2.65 0.684 7.62 5.70
Note: Re, Reynolds number.
_ 2500v k<25 introduces an additional unknown Iy, which needs to be pre-
(8] ke ’ scribed. Also, it is necessary to modify the k—@ turbulence
100 model of Wilcox to account for the effect of the suspended
0=—27=, ki =225 sediment of the flow, i.e., on the eddy viscosity v,. For the
ks latter, we propose a new eddy viscosity for the k—® turbu-

In the computer code the appropriate value is applied de-
pending on the local roughness Reynolds number (kg).

2.3. Concentration equation

Following Yoon (1993), we start from the assumption that
the suspended sediment load is supported by turbulent diffu-
sion, with an upward diffusion velocity of particles balanced
by their downward fall velocity. From conservation of sus-
pended sediment in a finite control volume, the generalized
concentration equation may be written as

[9] yj(ac+ Ve(Cui,) -V o(FS~VC))dV =0
v\ ot

where C is the concentration of sediment by weight ((weight
of sediment)/(weight of water)), v is specific gravity, I is
eddy diffusivity or diffusion coefficient for suspended sedi-
ment, and u, represents the mean velocity vector of the sus-
pended sediment within the control volume. The first term
represents the rate of change of sediment within the control
volume, the second term represents convection with the
mean flow, and the third term represents turbulent transport,
modeled by eddy diffusivity. The application of eq. [9] to an
elemental control volume leads to the differential transport
equation

aC

[10] §+VO(Cﬁp) =Ve(I;-VO)

Here, we assume U, =iz +ws, where iy and wg represent the
flow mean velocity and the sediment settling velocity, re-
spectively. If this is applied to an incompressible fluid and
the settling velocity is assumed to be constant, such as
wg = —wgj (here, j is the y-directional vector), the general
suspended sediment concentration equation is obtained in

the form
¢
ox;

aC . aC _ 3 [

— + Uj 7 =_"
ot dx;  Ox;

where Uj = (U, V - wg), U and V are the components of

mean velocity in directions x and y, respectively, and wyg is

the sediment settling velocity. The concentration equation

[11]

lence model that considers the effect of the suspended sedi-
ment following the idea of Einstein and Chien (1955).
Einstein and Chien used the following mixing length theory
when turbulent flow included suspended sediment:

[12] =, = (l+ps_pCJpl2‘dU|dU
P |dy| dy

where pg is the density of sediment and / is the turbulent mix-
ing length. According to this, the eddy viscosity in sediment-
laden flow is proposed for the turbulence model such as

[13] v, = y*k{u(l—ljc}
o N

where s (s = pg/p) is the specific gravity of the sediment. To
obtain an expression for the eddy diffusivity Iy, the assump-
tion is made as follows:

[14] T5=Bv,

Here B is the reciprocal of the turbulent Schmidt number
©0)-

The flow field boundary conditions are given by the no-
slip condition at the bed surface with the assumption that
fluid velocity is much faster than that of bed load and by as-
suming no tangential shear stress at the water surface. The
Neumann boundary condition for a suspended sediment con-
centration is prescribed by the no-flux condition at the water
surface. The Dirichlet boundary condition is given by a ref-
erence suspended concentration (C,) at the bed of Coleman’s
experiment (1981, 1986).

3. Experimental data

The results obtained from the model are compared with
Coleman’s experimental data (1981, 1986). Coleman’s ex-
periments were performed in a recirculating flume with a
rectangular Plexiglas® channel 356 mm wide and 15 m long,
with a slope adjustment capability for maintaining uniform
flow. Velocity and concentration profiles were measured at a
vertical located on the flume channel centerline and at the
position of 12 m downstream from the entrance. First,
Coleman measured velocity in clear water and then gradu-
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Fig. 1. Non-dimensional velocity profiles (symbols, Coleman’s experiment (1986); lines, present computation): (a) Q, = 0.91 kg and

(b) O, = 7.27 kg.
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Fig. 2. Concentration and bed load thickness distributions (symbols, Coleman’s experiment (1986); lines, present computation):
(a) D5y = 0.105 mm, (b) D5y = 0.210 mm, and (c) D5y = 0.420 mm.
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Fig. 3. Nondimensional concentration profiles (symbols, Coleman’s experiment (1986); lines, present computation): (a) Q, = 0.91 kg

and (b) QO = 7.27 kg.
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ally added sediment. He measured the changes in the veloc-
ity field and in the sediment concentration distribution in the
flow. Flow depths (&) varied between 16.8 and 17.4 cm, and
the channel width, W, is 35.6 cm, giving an aspect ratio of
around 2.

The sediment and flow characteristics are given in Ta-
ble 1. For all experiments, the discharge Q is held constant
at 0.064 m?/s, corresponding to g = Q/W = 0.1798 m?/s dis-
charge per unit width. Reynolds numbers based on the aver-
age of flow velocity (U) and hydraulic diameter (D,) have
10° order in all cases. Therefore, all flows in this study are
judged to be fully turbulent and are much larger than the
critical value of the Reynolds number (2000) at which tran-
sition to turbulence in an open channel occurs (Schlichting
1979). The settling velocity of suspended sediment is deter-
mined from the sphere diameter-settling velocity curve sug-
gested by Rouse (1937), assuming that the sand-grains are
spherical. The water density, p, is 1000 kg/m3. The sediment
is sand with a density of pg equal to 2650 kg/m?>.

4. Numerical scheme

The numerical model employed here is based on the one
developed by Patel and Yoon (1995), Yoon and Patel (1996),
and Yoon et al. (1996). In this model, the Reynolds-averaged
Navier—Stokes equations for an incompressible fluid are
solved in a generalized non-orthogonal coordinate system
that is generated numerically by the solution of two Poisson
equations and by full transformation (Thompson et al. 1985).
Here, this study used the SIMPLER algorithm of Patankar
(1980) to correct for the pressure and velocities. Governing
equations are discretized by the finite analytic method (Chen
and Chen 1982). The basic idea of the finite analytic method
is to use the local analytic solution in the discrete computa-
tional element to obtain the algebraic representation of the
governing differential equation. The finite analytic method
differs from conventional numerical methods in that it does
not directly tamper with the differentials or the derivatives of
the governing equation, nor does it need the shape function,
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Fig. 4. The profiles of B according to the quantity of sediment
(Q,) and the particle size (Dsj).
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which is made to satisfy the integral form of the governing
equation.

5. Results

5.1. Flow field

Figure 1 compares modeled and measured velocity pro-
files at the sediment quantities (Q) of 0.91 and 7.27 kg. The
plots are for selected profiles in clear water, as well as those
obtained with sediment of size corresponding to Ds, of
0.105, 0.210, and 0.420 mm, respectively. Figure 1 shows
that in sediment-laden flows local velocities near the bed are
reduced relative to the equivalent clear-water flow. In the
near-bed region, the sediment concentration is very high and
eddy viscosity is increased when compared with clear water
flow. These figures show that the presence of suspended sed-
iment causes a general reduction of mean flow velocity and
that the magnitude of this velocity reduction is positively re-
lated to the sediment size. In a free surface region, velocity
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Fig. 5. Comparison of eddy viscosity profiles near the bed for (a) different sediment loads with D5, = 0.105 mm and (b) different

grain sizes with O, = 0.91 kg.
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profiles show little difference between the measured and
computed values. Our simulation is performed with the as-
sumption of a fully developed two-dimensional flow that
shows a negligible effect of secondary flow. However,
Coleman’s (1981, 1986) experimental flume has a 2.1 aspect
ratio. Fully developed flow conditions and the level of sec-
ondary current in this flume were documented in experi-
ments by Muste and Patel (1998). Based on these findings,
the high aspect ratios that are not <7 must be guaranteed to
be exact two-dimensional flow. It is clear that Coleman’s
experiments are not sufficient to be free of any secondary
flow. Therefore, these differences of velocity profiles be-
tween the measured and computed values near the free sur-
face are presumed by the secondary flow effect of side
walls.

5.2. Concentration field

While conventional numerical analyses related to
Coleman’s (1981, 1986) sediment-laden flow have ignored
the effect of bed load thickness, this study is performed by
considering its effect, as it may vary with the amount of sed-
iment. The thickness of the bed load is very important be-
cause it affects the computation domain. There is no
accurate theory concerning the thickness of the bed load, but
Einstein (1950) suggested that thickness of bed load is 1~2
times as large as the particle size in cases where particle size
is fine and shear force is small. Engelund (1981) and Wilson
(1988) suggested that thickness increases to several times
the particle size as the shear force increases. In this applica-
tion, the average concentration is accurately predicted when
the thickness of the bed load varies between 2 and 6 times
the sediment size in a 0.91-kg sand mass and between 10
and 16 times in a 7.27-kg sand mass.

Figure 2 shows the prescribed bed load thickness that fits
best the experimental data. The thickness of the bed load is
negligible in very small quantity of sediment, such as Runs
02, 22, and 33, but it is found to be considerably larger in a
quantity of sediment, such as Runs 09, 29, and 40. Thick-
ness increases as a function of the diameter of sediment.
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This means that increasing sediment quantity or size can
exert great influence upon the flow field. Our numerical ap-
proaches predict reasonable concentration profiles in gen-
eral. However, in the case of Run09 in Fig. 2a, which is the
smallest particle size and larger sediment quantity, the dif-
ference between the measured and predicted values is larg-
est. The simulated values are over-predicted in the large part
of domain and under-predicted near the bed. However, the
maximum error is limited to approximately 20% at most.

Figures 3a and 3b compare concentration distributions with
variable sizes of particle under the same amount of sediment
(Qy). An examination of the concentration distributions
shows that the larger the sediment size, the greater the slope.
This means that sediment size and concentration distribution
are correlated. The slope is controlled by the magnitude of
the turbulent Schmidt number (G,). Jobson and Sayre (1970)
have proposed ¢, as 1.0 through experimentation, but Karim
(1981) and Celik (1983) proposed 6, as 0.5-1.0. On the
other hand, van Rijn (1984) proposed the following empiri-
cal formula, assuming B (1/6,) is related to the ratio of set-
tling (wg) to shear velocity (u,):

2
[15] B=1 +2{WS}

Ug

From a numerical point of view, this value must be pre-
scribed from eqs. [11] and [14]. However, there does not ex-
ist a consensus on this value. Hence, arbitrary values are
often used for numerical predictions. Celik and Rodi (1988)
assumed that 6, is 1.0 for developing flow in the entrance re-
gion of the open channel and is 0.5 in the fully developed re-
gion of the flow from their simulation results. Galland et al.
(1997), using a Reynolds stress model, achieved good results
when the turbulent Schmidt number is 0.7 (B = 1.4). Most of
foregoing research insisted that 6, had a value <1.0. That is
to say, they agreed that P is larger than 1.0. Recently, how-
ever, Cellino and Graf (1999) obtained a  value of <1.0
from their experiments. In this study, good predictions are
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obtained when B is 1.0, 1.11, 0.65, 1.0, 0.4, and 0.5 in each
case of Runs 02, 09, 22, 29, 33, and 40, respectively.

A suspended sediment transport is affected by the sedi-
ment shape, size, and concentration (Vanoni 1977). It is also
affected by particle—particle interaction and particle inertia
(Greimann and Holly 2001). In this research, we focus on
the effect of the sediment size and concentration. Figure 4
shows the variation of B according to the particle size (Ds)
and the amount of sediment (Q,), which is the total sediment
discharge of the flow. This shows that [3 is related to the sed-
iment quantity and size. With higher sediment quantity, [ in-
creases; with larger sediment size, B decreases. According to
eq. [14], the increasing of B, as sediment quantity grows, re-
sults in the increasing of the eddy diffusivity. On the other
hand, the decreasing 3 value, as sediment size grows, results
in the increasing of the eddy viscosity. It is likely that when
the amount of sediment is large, namely when the concentra-
tion is increased, the diffusion of sediment is relatively more
active, and as sediment size increases, the eddy viscosity is
increased. It means that the turbulence length scale is also
increased with the size of suspended sediment.

Figure 5 shows profiles of the calculated eddy viscosity in
the vicinity of the bed. Figure 5a compares the eddy viscos-
ity profiles for different amounts of sand, and Fig. 50 com-
pares the profiles derived as sediment size is varied. In
Fig. 5a the absolute value of the eddy viscosity for sedi-
ment-laden flow is bigger than that of the clear water. As the
amount of sand is increased, however, eddy viscosity is de-
creased. This result can be explained as follows. On the ba-
sis of Prandtl’s mixing length theory, eddy viscosity is
defined as (Schlichting 1979)

dU

[16] v, =12
t dy

Here, as the amount of sand increases, the velocity gradi-
ent decreases near the bed. This in turn entrains a decrease
in eddy viscosity. It seems that flow and suspended sediment
interaction in the proposed model is affected. On the other
hand, as sediment size increases, the value of eddy viscosity
is continuously increased with the increase of the mixing
length from eq. [16].

6. Summary and conclusions

In this research, a numerical analysis of sediment-laden
flow is carried out. Velocity and suspended sediment con-
centration profiles are compared with the experiments of
Coleman (1981, 1986), which included several cases of
varying sediment size and quantity in open channel flow.
The k—m turbulence model is selected for the fully turbulent
flow field. The concentration equation, which takes into ac-
count the settling velocity, is adopted for the concentration
field. In this study the following conclusions are obtained:
(1) A new eddy viscosity model for the k—w turbulence

model is proposed to couple the velocity field and the
concentration field. The interaction between the fluid
flow and the suspended sediment is successfully repro-
duced through this model. Through the numerical
approach, 3 is found to vary with sediment size and con-
centration.
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(2) A numerical simulation is carried out considering the
thickness of the bed load, especially the effects of size
and quantity for sand particles.

(3) Satisfactory predictions for the mean velocity and the
sediment concentration profiles are obtained by using
the k- turbulence model including the effect of sand-
grain roughness on the bed.
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List of symbols

C concentration of sediment by weight
C,, reference concentration at the bed

o, ¢, 9%, v o, o*
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sediment size for which 50% of the sediment
by weight is finer

hydraulic diameter

channel height

turbulent kinetic energy

equivalent sand-grain roughness,
local roughness Reynolds number
turbulent mixing length

static pressure

total volume flow rate

total sediment discharge of the flow
average of flow velocity

; mean velocity components in directions x;, x;

fluctuating velocity component in x; direc-
tion

fluctuating velocity component in x; direc-
tion

flow mean velocity vector

sediment mean velocity vector

shear velocity

sediment settling velocity

mean strain rate

specific gravity of sand-grain

time

Cartesian coordinates x, y (i = 1, 2)
Cartesian coordinates x, y (j = 1, 2)

mean velocity components in directions x, y
channel width

coefficients in k- turbulence model
correlation coefficient

specific gravity

boundary layer thickness

Kronecker delta

molecular viscosity of fluid

kinematic viscosity

kinematic eddy viscosity

fluid density

density of sediment

turbulent Schmidt number

specific Reynolds stress tensor

eddy diffusivity

specific dissipation rate
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